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Abstract We show that the action of the special conformal transformations of the
usual (undeformed) conformal group is the q → 1 scaling limit of the braided adjoint
action or R-commutator of q-Minkowski space on itself. We also describe the q-
deformed conformal algebra in R-matrix form and its quasi-∗ structure.
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1 Introduction
It is a standard geometrical fact that the action of the momentum generators of the Poincare´
algebra in physics is determined by the additive group structure of spacetime, by differentiation
as an infinitesimal addition. In this note we provide a novel geometrical picture of the special
conformal transformations ci similarly in terms of the structure of spacetime itself. Namely, we
show that they act as the q → 1 limit of the braided adjoint action by which any braided group
acts upon itself. In the case of q-deformed spacetime[1], this is the R-commutator
ci.(xi1 · · · xin) =
xi1 · · · xinxi − xa1xj1 · · · xjnR
j1
i1
a1
a2R
j2
i2
a2
a3 · · ·R
jn
in
an
i
q − q−1
where the xi are the non-commuting spacetime-coordinates with braid statistics controlled by
the appropriate Yang-Baxter matrix Rij
k
l. We take the limit q → 1. The formula also works for
q 6= 1 and extends the q-Poincare´ action in [2] to an action of the q-deformed conformal algebra.
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We believe that this result is interesting as an application of q-deformation techniques to
classical geometry: the picture which it provides is rather simpler than the usual picture of the ci
in terms of conjugation under conformal inversion of spacetime translation, but is only possible
when q 6= 1. One may work with the ci in our q 6= 1 setting and afterwards set q = 1. The result
adds weight to the idea that q-deformed geometry is conceptually simpler and more regular than
classical geometry, with certain notions unified in ways that are singular when q = 1.
In a previous paper[3] we showed that the braided adjoint action with respect to the mul-
tiplicative braided group structure[4] of q-Minkowski space (as hermitian 2 × 2 matrices being
multiplied) corresponds in a q → 1 scaling limit to the internal symmetry Lie algebra su(2)×u(1).
Our result now is for the additive braided group structure due to Meyer[5]. It appears that both
adjoint actions have important scaling limits as q → 1.
We note that while a lot of effort has been expended in q-deforming geometrical structures, in
particular in the author’s ‘braided groups approach’[4][6][1] (which included specific proposals[7]
in a general and systematic R-matrix form), this programme has been stuck in recent years due to
the following ‘dilaton problem’: when one tries to q-deform the q-Poincare´ group one finds quite
generally[2] that, for the types of deformations of interest, one must include a scale generator
as well. The purely Poincare´ sector in this family does not close as a Hopf algebra. A related
problem is that even after this extension, it does not seem possible to obtain a Hopf ∗-algebra
(i.e. to define complex conjugation of the generators) in any conventional sense. Moreover, the
extended q-Poincare´ Hopf algebra is not in general quasitriangular, i.e. not a strict quantum
group in the sense of Drinfeld[8].
Here we solve these three problems as follows. First, we propose to embrace the dilaton
generator and q-deform the entire conformal algebra. This algebra is isomorphic to the standard
Drinfeld-Jimbo deformation Uq(so(4, 2)) or a cocycle twisting of it, but obtained now as an
example of a new R-matrix construction. We use the categorical double-bosonisation theory
developed recently in [9]. From a physical point of view, this focus on the conformal algebra
limits our theories at first to massless ones. This is not, however, an unreasonable starting point,
especially if we are interested in fundamental theories where observed particles are essentially
massless compared to the Planck mass scale. Secondly, we show that the natural ∗-structure
on the q-conformal algebra for real q makes it into a quasi-∗ Hopf algebra in the sense recently
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introduced in [10] for the Poincare´ case. There is also a quasitriangular structure. This work
provides a first step towards the development of a q-twistor theory based on the properties of
q-Minkowski space and the q-conformal algebra.
For quantum groups and braided groups, we adopt the conventions and notation in [11] and
[12]. Briefly, a quantum group H has a coproduct ∆ : H → H ⊗H which is a homomorphism
to the usual tensor product. By contrast, a braided group B has a map ∆ : B → B⊗B which
is a homomorphism to a braided or non-commuting tensor product. This concept and many
examples have been introduced by the author[4]. In physical terms, the elements of B enjoy
braid statistics. When discussing quasitriangular structures, we will require formal power series
in a deformation parameter in the usual way. All other constructions are algebraic.
Although we emphasise the construction in Proposition 2.1 below as a q-conformal algebra,
we can also choose R from other standard families such as sun, spn. Then the construction takes
us up one in the family, i.e. it allows the construction of quantum groups by induction[9]. Or
we can choose non-standard R and obtain altogether new quantum groups. Also, it has been
pointed out to us that there are some superficial similarities between some of the relations in
Proposition 2.1 and some of the relations independently proposed for a Hopf algebra construction
in [13]. The two constructions are, however, not at all the same.
Acknowledgements
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2 q-Conformal algebra
In this preliminary section we define a quasitriangular Hopf algebra which we call the confor-
mal algebra associated to regular R-matrix data. When R is the son R-matrix, one obtains
Uq(son+2). The construction is a specific example of a left-module version of a recent abstract
construction in [9]. This is explained further in the Appendix; here we describe only the result-
ing algebra. In fact, the construction of the dilaton-extended q-Poincare´ algebra in R-matrix
form has already been obtained (by the author) in [2] and [10]. We use exactly the results and
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conventions developed for this, extending it now by the special conformal transformations.
Thus, let R,R′ ∈ Mn⊗Mn be invertible matrices obeying the conditions in [2] for the
construction of a linear (momentum) braided group V (R′,R) and its associated extended q-
Poincare´ algebra, which we denote P (R′,R). The momentum sector has generators pi and
relations and braid statistics[2]
p1p2 = R
′p2p1, p
′
1p2 = Rp2p
′
1 (1)
while p′ denotes the generators of the second copy. We use a standard compact notation where
suffices denote tensor contraction positions. The braided coproduct ∆p = p⊗ 1+1⊗p ≡ p+p′
is called a braided coaddition. The braided antipode is Sp = −p. The rotation sector has matrix
generators l±ij and the usual relations[14]
l±1 l
±
2 R = Rl
±
2 l
±
1 , l
+
1 l
−
2 R = Rl
−
2 l
+
1 . (2)
We also require other relations beyond these quadratic ones, such that the l± with matrix
coproduct ∆l± = l±⊗ l± define a quasitriangular Hopf algebra under which (1) and (5) remain
covariant. For the son R-matrix the l
± generate Uq(son) in the FRT form [14]. Our construction
is not limited to this case, however. The dilatation sector is an additional generator ς with
coproduct ∆ς = ς ⊗ ς. The q-Poincare´ algebra is generated by these subalgebras, with the cross
relations[2]
l+1 p2 = λ
−1R−121 p2l
+
1 , l
−
1 p2 = λRp2l
−
1 , ςp = λ
−1pς, [l±, ς] = 0, (3)
where λ is the quantum group normalisation constant[2] appearing in the fundamental repre-
sentation ρ(l+) = λR, ρ(l−) = λ−1R−121 of the rotation sector. The braided coproduct and
antipode of the p generators do not appear directly in the extended q-Poincare´ algebra (which
is an ordinary Hopf algebra), but in the bosonised form
∆p = p⊗ 1 + ςl−⊗p, Sp = −(Sl−)ς−1p. (4)
To this construction, we add now the special conformal transformations as the linear braided
group V (ˇR′,R)op with generators ci and relations and braid statistics
c2c1 = c1c2R
′, c′2c1 = c1c
′
2R. (5)
There is a linear braided coproduct ∆c = c+ c′.
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Proposition 2.1 The extended q-Poincare´ algebra (1)–(4) has a further extension by generators
ci obeying
c2c1 = c1c2R
′, l+1 c2 = λc2l
+
1 R21, l
−
1 c2 = λ
−1c2l
−
1 R
−1
ςc = λcς, [p, c] = l
+ς−1−l−ς
q−q−1
, ∆c = c⊗ l+ς−1 + 1⊗ c, Sc = −cςSl+
where it is assumed that R depends on a parameter q such that R21R = id + O(q − q
−1). We
call this the q-conformal algebra C(R′,R) associated to our R-matrix data.
Proof An abstract derivation is in the Appendix, but a direct proof is also possible. Indeed,
it is clear that c, l±, ς generate a ‘conjugate’ Hopf algebra to the extended q-Poincare´ one: their
relations are analogous under a symmetry. Hence it suffices to verify that the coproduct is
compatible with the cross relations. Thus,
[∆pi,∆cj ] = [p
i, ca]⊗ l
+a
jς
−1 + ςl−ia⊗[p
a, cj ] + ςl
−i
acb⊗ p
al+bjς
−1 − cbςl
−i
a⊗ l
+b
jς
−1pa
= [pi, ca]⊗ l
+a
jς
−1 + ςl−ia⊗[p
a, cj ] + ςcdl
−i
cR
−1c
a
d
b⊗ p
al+bjς
−1 − cbςl
−i
a⊗ l
+b
jς
−1pa
=
l+iaς
−1⊗ l+ajς
−1 − l−iaς ⊗ l
−a
jς
q − q−1
= ∆
l+ijς
−1 − l−ijς
q − q−1
= ∆[pi, cj ]
as required. We used the stated c, l− and p, l+ relations for the second and third equalities, as
well as the [p, c] relations for the latter.
Note that the q − q−1 factor ensures that our algebra has a reasonable limit as q → 1 but is
not needed for the Hopf algebra structure itself (any factor will do for this). ⊔⊓
In a setting where q = e
t
2 , there is typically a quasitriangular structureRL for the Lorentz/rotation
sector as a formal power series in t. In this setting:
Proposition 2.2 The q-conformal Hopf algebra above is quasitriangular, with
R = RLλ
−ξ⊗ ξ exp(c|p)−1 (6)
where RL is the q-Lorentz quantum group quasitriangular structure, ς = λ
ξ and exp(c|p) ∈
V ˇ⊗V is the braided exponential or canonical element associated with the braided group duality
pairing between V and V ˇ as linear braided groups.
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Proof This follows from the general construction[9] underlying the above proposition; see the
Appendix. To verify it directly, one may use the bicharacter property of the braided exponentials
under the braided coproduct[15], with the corresponding properties with respect to the bosonised
coproduct. ⊔⊓
The braided exponential exp(c|p) here is a p-eigenfunction or plane wave in the copy of
q-spacetime generated by the ci (and likewise a plane wave in the copy generated by p
i).
3 Quasi ∗-structure on the conformal generators
So far, we have considered the complexified picture. We now consider ∗-structures on our al-
gebras. The specification of the ∗-structure in the momentum sector determines which linear
combinations are ‘real’ in the sense of being invariant under ∗. This determines which represen-
tations are unitary (such elements should be Hermitian) and also determines, when there is a
quantum metric, whether it is of Euclidean, Minkowski or other type according to the form of
its restriction to the such elements. ∗-Structures for the extended q-Poincare´ group have already
been analysed in [10], and we extend this now to the q-conformal case. We recall from [10] that
one needs the notion of a quasi-∗ Hopf algebra H. This is a Hopf algebra over C which is a
∗-algebra, and an invertible element S ∈ H⊗H such that
(∗⊗ ∗)◦∆◦∗ = S−1(τ ◦∆ )S, (∆⊗ id)S = S13S23, (id⊗∆)S = S13S12, S
∗⊗∗ = S21, (7)
where τ denotes transposition. One can show that S obeys the QYBE (but we do not denote it
here by R, to avoid confusion with the quasitriangular structure also present below). To have
such a structure in our R-matrix setting we suppose that the R-matrix in the preceding section
is of one of the two real types in [16]. We also suppose a quantum metric η compatible with R
(see [1]) and of corresponding reality type:
Rijkl =
{
Rlk
j
i Real Type I
Rj¯ l¯
i¯
k¯ Real Type II
, ηij =
{
ηji Real Type I
ηj¯ i¯ Real Type II
, (8)
where ηij is the transposed inverse of ηij and i¯ is an involution on the indices assumed in the
type II case. We assume λ∗ = λ as well. These reality conditions hold for the standard choices
R, when their parameter q is real.
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The extended q-Poincare` algebra has the quasi-∗-structure[10]
pi∗ =
{
ηiap
a Real Type I
pi¯ Real Type II
, l±ij
∗ =
{
ηibl
∓b
aη
ja Real Type I
l∓ i¯ j¯ Real Type I
, ς∗ = ς−1, S = RLλ
−ξ⊗ ξ
(9)
where RLλ
−ξ⊗ ξ is the dilaton-extended q-Lorentz quasitriangular structure and ς = λξ. Note
that the real type II case used in [10] was chosen such that on the Lorentz generators in function-
algebra form it appears as tij
∗ = ti¯ j¯, which corresponds to l
±i
j
∗ = S2l∓ i¯ j¯ . We can equivalently
put the S2 automorphism on the function algebra side as tij
∗ = S2ti¯ j¯, as we prefer now.
Proposition 3.1 The quasi-∗ structure (9) extends to one on the q-conformal algebra in Propo-
sition 2.1, with ci
∗ =
{
caη
ia Real Type I
c¯i Real Type II
. Moreover,
(∗⊗ ∗) ◦∆ ◦ ∗ = exp(c|p)−1(∆ ) exp(c|p)
holds for the coproduct on any element of the q-conformal algebra.
Proof The proof of compatibility of this ∗ with the c, l± relations is similar to that for p, l±.
Explicitly, in the type I case,
(λcbl
+i
aR
b
k
a
j)
∗= λRja
k
bη
bdηicl
−c
eη
aecd
= λRja
k
bη
bdηicη
aeλ−1cgl
−c
fR
−1f
e
g
d = caη
kaηicl
−c
dη
jd = (l+ijck)
∗
using invariance of R under conjugation by η⊗ η. In addition, we have
[pi, cj ]
∗ = [cj
∗, pi∗] = [caη
ja, pbηib] = −η
jaηib(
l+baς
−1 − l−baς
q − q−1
) = (
l+ijς
−1 − l−ijς
q − q−1
)∗
as required. Hence we have a ∗-algebra in this case. In the type II case, the calculation is
(λcbl
+i
aR
b
k
a
j)
∗ = λl−i¯ a¯cb¯R
a¯
j¯
b¯
k¯ = ck¯l
− i¯
j¯ = (l
+i
jck)
∗
[pi, cj ]
∗ = [cj¯ , p
i¯] = −(
l+ i¯ j¯ς
−1 − l− i¯ j¯ς
q − q−1
) = (
l+ijς
−1 − l−ijς
q − q−1
)∗.
In either case, the sub-Hopf algebra generated by ς, c, l± forms a quasi-∗ Hopf algebra with the
same cocycle S = RLλ
−ξ⊗ ξ, by analogous arguments to the proof for the extended q-Poincare´
algebra in [10]. Combining (7) with Proposition 2.2 gives the form of (∗⊗ ∗) ◦∆ ◦ ∗ stated. ⊔⊓
Although the q-conformal algebra with the above ∗-operation is not a Hopf ∗-algebra in the
usual sense, we see that ∆ fails to be a ∗-algebra map only up to conjugation by the plane-wave
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exp(c|p). More precisely, every quasi-∗ Hopf algebra the conjugate coproduct ∆¯ = (∗⊗ ∗)◦∆◦∗
also provides a quasi-∗ Hopf algebra structure, in general different from ∆. In our case, this
comes out as
∆¯c = c⊗ l−ς + 1⊗ c (10)
for either the real type I or type II ∗-structures above (similarly for ∆¯p in [10]); Proposition 3.1
tells us that this ∆¯ and the coproduct ∆ in Proposition 2.1 are conjugate by exp(c|p).
4 Spinorial formulation
An important class of examples of our data R′,R is provided by a ‘spinorial’ construction
starting from a smaller Yang-Baxter matrix R ∈ Ms⊗Ms, where n = s
2. We require this to
be q-Hecke in the sense (PR − q)(PR + q−1) = 0, where P is the permutation matrix. The
extended q-Poincare´ algebra in this setting has been given in [10], while the momentum sector
or q-spacetime itself is from [17][4][5] and reviewed in [1] or [11, Ch. 10]. We include now
the q-conformal algebra in this spinorial approach. In fact, the construction has two versions
which are strictly ‘gauge equivalent’ in a certain algebraic sense. These are the ‘Euclidean’ and
‘Minkowski’ gauges of the same construction introduced in [17] and [4][5] respectively.
The Euclidean gauge construction is [17]
R′
i
j
k
l = R
−1l0
k0
j0
i0R
i1
j1
k1
l1 , R
i
j
k
l = R
j0
i0
l0
k0R
i1
j1
k1
l1 (11)
and is equivalent for R the standard su2 R-matrix to taking for R the standard so4 R-matrix.
Of course, the construction is more general and can be used just as well to define non-standard
spacetimes by taking other non-standard R. We write i = i0i1, j = j0j1 etc as multi-indices.
We also write pi = pi1 i0 . Then the relations (1) in the momentum sector (which will also be
the relations of q-spacetime) become [17]
R21p1p2 = p2p1R. (12)
More non-trivially, we replace the vectorial q-Lorentz algebra generated by l±ij by a spinorial
version generated by two sets of generators l±i0 j0 and m
±i1
j1 obeying relations like (2) with
respect to R. For R the su2 R-matrix, the momentum and spacetime sectors are isomorphic to
the quantum matrices M¯q(2), and the Lorentz/rotation sector is Uq(su2)⊗Uq(su2). The natural
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∗-structure in this gauge is the unitary type one which corresponds to SUq(2) as a q-deformed
3-sphere in Mq(2). The dilaton sector is generated by ς as before, commuting with l
±,m±. The
cross-relations between these various sectors and the coproducts are obtained in [10]. In the
present (slightly different) conventions they come out as:
p1l
+
2 = λ
− 1
2R−1l+2 p1, p1l
−
2 = λ
1
2R21l
+
2 p1, p1m
+
2 = λ
1
2Rm+2 p1, p1m
−
2 = λ
− 1
2R−121 m
−
2 p1,
ςp = λ−1pς, ∆p = p⊗ 1 + ςS−1(Sm−( )l−)⊗p, ǫ(p) = 0
(13)
where the space is for the matrix indices of p to be inserted.
To this spinorial extended q-Poincare´ algebra, we add the special conformal transformations
ci = c
i0
i1 . Note that the assignment is transposed relative to the assignment for p
i.
Proposition 4.1 In the Euclidean gauge, the spinorial extended q-Poincare´ algebra in [10] has
a further extension by a matrix of generators c obeying
Rc1c2 = c2c1R21, l
+
1 c2 = λ
− 1
2 c2l
+
1 R
−1, l−1 c2 = λ
1
2 c2l
−
1 R21,
m+1 c2 = λ
1
2c2m
+
1 R, m
−
1 c2 = λ
− 1
2c2m
−
1 R
−1
21 , ςc = λcς,
[pi1 i0 , c
j0
j1 ] =
ς−1(S−1l+j0 i0 )m
+i1 j1
−ς(S−1l−j0 i0 )m
−i1 j1
q−q−1
, ∆c = c⊗ ς−1(S−1l+)( )m+ + 1⊗ c, ǫ(c) = 0
and forming a quasitriangular Hopf algebra. This is the spinorial q-conformal algebra in the
Euclidean gauge.
Proof The c, l±,m±, ς relations are obtained along the same lines as in [10] via double-
bosonisation. They are consistent with Proposition 2.1 using (11) and the ansatz l±ij =
(S−1l±j0 i0)m
±i1
j1 . The c,p relations and the coproduct follow at once from this form of l
±i
j.
We note that if we use the (slightly different) identification ηiap
a = pi0 i1 used in [10], and the
expression ηij = ǫ
i0j0ǫi1j1 in terms of the spinor metric associated to R, then the [p
i, cj ] relations
come out as
[pi0 i1 , c
j0
j1 ] =
ς−1l+i0a0ǫ
a0j0ǫa1i1m
+a1
j1 − ςl
−i0
a0ǫ
a0j0ǫa1i1m
−a1
j1
q − q−1
. (14)
The spinor metric also converts the ∗-structure in Section 3 into a matrix form. ⊔⊓
The Minkowski gauge for the same construction is[4][5]
R′
i
j
k
l = R
−1d
k0
j0
aR
k1
b
a
i0R
i1
c
b
l1R˜
c
j1
l0
d, R
i
j
k
l = R
j0
a
d
k0R
k1
b
a
i0R
i1
c
b
l1R˜
c
j1
l0
d. (15)
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The momentum or spacetime sector in this case has the braided matrix relations[4]
R21p1Rp2 = p2R21p1R (16)
where ηiap
a = pi0 i1 , and yields the braided matrices BMq(2) for the standard su2 R-matrix.
The natural spacetime ∗-structure in this case is a Hermitian one, justifying the name for this
gauge. (The unit sphere here is actually isomorphic to Uq(su2) as a ∗-algebra when q 6= 1). The
Lorentz sector in this standard case is Uq(su2)◮◭Uq(su2) (with a more complicated coproduct
than in the Euclidean gauge).
The Euclidean gauge for q-spacetime was introduced in [17] precisely as gauge equivalent
to the Minkowski gauge (which was found first). At the Lorentz algebra level the gauges are
related by twisting by a quantum cocycle (see [2, Sec. 4], in a dual form). This was extended to
the level of the extended q-Poincare´ algebra in [10], using the same cocycle viewed in the bigger
algebra. The cocycle is χ = R−123 where R is the quasitriangular structure of Uq(su2) in the
standard example.
Proposition 4.2 The same quantum cocycle χ viewed in the spinorial form of the q-conformal
algebra twists its structure from the Euclidean to the Minkowski gauge.
Proof This is true for the sub-Hopf algebra generated by c, l±, ς by analogous arguments
to those for the extended q-Poincare´ algebra. Since the coproduct is entirely defined by its
restriction to either of these two sub-Hopf algebras, we conclude the same twisting result for the
entire q-conformal algebra. ⊔⊓
In view of this, we will not give the structure in detail in the Minkowski gauge: the structure
of the spinorial form of the extended q-Poincare´ algebra is given in [10]. To this, we add the
special conformal transformations in the form R¯21c1R¯c2 = c2R¯21c1R¯, where ci = c
i1
i0 and
R¯ij
k
l = R
l
k
j
i. The cross relations with l
± are similar to those between p and l± in [10].
5 Conformal transformations of spacetime
So far, we have called our quasitriangular Hopf algebra C(R′,R) the q-conformal one because of
its structural form, which is analogous to that of the conformal Lie algebra. We are now ready
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to justify the terminology in geometrical terms, i.e. by its action on q-spacetime. For the latter,
we take the linear braided group V (ˇR′,R) with generators xi and relations and braid statistics
x1x2 = x2x1R
′, x′1x2 = x2x
′
1R. (17)
There is a linear coproduct ∆x = x + x′ and a ∗-structure x∗i =
{
xaη
ia Real Type I
xi¯ Real Type II
, which
we take of the same form as for c in Section 3.
From the theory of braided groups, it is known[2] that the extended q-Poincare´ algebra acts
covariantly on q-spacetime by q-rotations (via the fundamental representation defined by R)
and braided-differentiation for the momentum sector[2][10]
l+1 ⊲x2 = x2λR21, l
−
1 ⊲x2 = x2λ
−1R−1, pi⊲xj = −δ
i
j , ς⊲xi = λxi. (18)
To this, we add:
Proposition 5.1 The q-conformal algebra in Proposition 2.1 acts covariantly on q-spacetime
by (18) and
c2⊲x1 =
x1x2 − x2x1R
q − q−1
.
Proof This follows from general theory in [9]; the required action of c is derived in the
Appendix. The direct proof that the c, l±, ς relations are represented is similar to that for p, l±, ς.
For the p, c relations we can check it easily at lowest order, as (q − q−1)[pi, cj ]⊲xk = p
i⊲(xkxj −
xbxaR
a
k
b
j)+cj⊲δ
i
k = −δ
i
kxj−xaR
−1i
j
a
k+δ
i
bxaR
a
k
b
j+xcR
−1i
a
c
bR
a
k
b
j = (ς
−1l+ij−ςl
−i
j)⊲xk,
where the outer two terms cancelled. We used the action of pi on products xjxk via the braided-
Leibniz rule with R−121 [10]. One can proceed similarly for the higher order case, using the action
of ci on products obtained below. ⊔⊓
Note that both the action of pi and ci extend to products via a braided-Leibniz rule, because
they originate as braided module algebra structures (this is equivalent to the statement that the
actions form a module-algebra structure with respect to the Hopf algebra coproducts.) In the
case of pi, the action on a general monomial comes out in terms of the braided-integer matrices
with respect to R−121 (see [10]). For the ci we have:
Lemma 5.2 The action of ci on a general product is
cn⊲x1x2 · · ·xn−1 = x1x2 · · ·xn(
1− (PR)12(PR)23 · · · (PR)n−1n
q − q−1
)
11
where P is the permutation matrix.
Proof We first compute the braided-Leibniz rule for ci. As explained in the Appendix, its
natural form is as a right-handed (braided) derivation ci⊲ = δi acting from the right. Then
(ab)δi = a(bδi) + aΨ(b⊗ δi)
where the braiding is the braiding for the covector braided group V (ˇR′,R), i.e. defined by R.
Hence
(x1 · · · xn−1)δn = x1 · · ·xn(
1− (PR)n−1n
q − q−1
) + (x1 · · · xn−2)δn−1xn(PR)n−1n.
The result then follows by induction. ⊔⊓
Another way to describe the action is in terms of the algebra structure of the corresponding
semidirect product of spacetime crossed by the q-conformal group. The cross relations between
the extended q-Poincare´ algebra and spacetime is [10]
l+1 x2 = x2λR21l
+
1 , l
−
1 x2 = x2λ
−1R−1l−1 , x2R
−1p1 − p1x2 = id, ςx = λxς. (19)
The x,p relations are the ‘braided Heisenberg algebra’ in the present conventions. To this we
now add:
Proposition 5.3 The q-conformal group acting as above and x acting by left multiplication on
q-spacetime form a representation of the algebra V (ˇR′,R)>⊳C(R′,R) with the additional c,x
cross relations
[c1 +
x1l
+
1 ς
−1
q − q−1
,x2] = 0.
Proof We make a left handed semidirect product using the coproduct in Proposition 2.1, the
action of ci above and the already-known cross-relations (19). Thus
cixj= (ci(1)⊲xj)ci(2) = (ca⊲xj)l
+a
iς
−1 + xjci
=
xjxa − xdxcR
c
j
d
a
q − q−1
l+aiς
−1 + xjci =
xjxal
+a
iς
−1 − xal
+a
iς
−1xj
q − q−1
+ xjci,
as stated. Because the action in Proposition 5.1 is covariant (q-spacetime forms a module algebra
under it), we know from the general theory of Hopf algebra cross products that these relations
12
define an associative algebra structure on the tensor product vector space, and that the action
on q-spacetime extends to it with xi acting by left-multiplication. ⊔⊓
We can also use the spinorial form of the q-conformal algebra. The action of the spinorial
form of the extended q-Poincare´ algebra is given in [10]. To this, we add:
Proposition 5.4 The spinorial form of the q-conformal algebra in the Euclidean gauge acts as
in [10] and
c2⊲x1 = −x1x2PR.
Proof We use the form of R in (11) in Proposition 5.1 and R = R−121 + (q − q
−1)P from the
q-Hecke assumption in Section 4. Thus
(q − q−1)cj⊲xi= xixj − xbxaR
a
i
b
j
= xi0 i1x
j0
j1 − x
b0
b1x
a0
a1R
−1i0
a0
j0
b0R
a1
i1
b1
j1 − (q − q)
−1xb0b1x
a0
a1δ
i0
b0
δj0a0R
a1
i1
b1
j1 .
The first two terms then give zero due to the form of R′ in (11) and the relations for the xi. ⊔⊓
We are now in position to compute this action for our standard q-spacetime[1]. The classical
formula cj⊲xi =
1
2ηijx · x− xixj would be
(
α β
γ δ
)
⊲
(
a b
c d
)
=

−a2 −ba −ac −bc
−ab −b2 −ad −bd
−ca −da −c2 −dc
−cb −db −cd −d2
 (20)
where c =
(
α β
γ δ
)
, x =
(
a b
c d
)
and η =

0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
 is the metric on complexified
spacetime in these spinor coordinates (different linear combinations are considered real spacetime
coordinates in the Minkowski and Euclidean cases).
Example 5.5 For the standard q-spacetime in the Euclidean gauge, we have
(
α β
γ δ
)
⊲
(
a b
c d
)
=

−a2 −q2ab −ca −bc
−ba −b2 −da −db
−ac −ad− (q − q−1)bc −c2 −qdc
−bc −bd −dc −d2

This is a q-deformation of the usual action of the special conformal transformations on spacetime.
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Proof This is computed easily from Proposition 5.4 with
R =

q 0 0 0
0 1 q − q−1 0
0 0 1 0
0 0 0 q

which is the standard su2 R-matrix in the q-Hecke normalisation. The relations between the
non-commutative spinor spacetime coordinates in this case are given explicitly in [17]. The
quantum group normalisation of the corresponding R is λ = q−1. ⊔⊓
This justifies our proposal for C(R′,R) as q-conformal group. Note that the metric does not
play any direct role in our definition of the q-conformal group and its action on spacetime, i.e.
our approach is a novel one even when q = 1. It is remarkable therefore that it coincides for
our standard example with the action (20) defined through a metric. The connection is quite
general, however.
Lemma 5.6 If η is a quantum metric such that x · x = xaxbη
ba is central, then it is preserved
by the q-conformal group up to scaling, in the sense
ci⊲(x · x)
m = (
1− λ−2m
q − q−1
)xi(x · x)
m, i.e. ci⊲f(x · x) = (
1− λ−2
q − q−1
)xix · x(∂λ−2f)(x · x).
Proof We compute (q − q−1)ci⊲(xaxbη
ba) = xaxbxiη
ba − xcxdxeR
d
a
c
fR
e
b
f
iη
ba = xaxbxiη
ba −
xcxdxeR
d
a
c
fη
ebλ−2R−1ab
f
i = x·xxi−λ
−2xix·x, using the covariance properties of the quantum
metric. Under a further condition on the quantum metric (true in the main examples, see [1])
one knows that x · x is also central. This gives the result for m = 1. From the covariance
properties of the quantum metric, we likewise compute the braiding x′ · x′xi = x
′
ax
′
nxiη
ba =
x′axdx
′
cR
c
b
d
iη
ba = x′axdx
′
cλ
−2R−1ab
d
iη
cb = xfx
′
ex
′
cR
e
a
b
dλ
−2R−1ab
d
iη
cb = λ−2xix
′ · x′, i.e. Ψ(x ·
x⊗xi) = λ
−2xi⊗x · x. The q-Leibniz rule for the action of ci then implies ci⊲(x · x)
m =
(x ·x)m−1xi(
1−λ−2
q−q−1
)x ·x+(ci⊲(x ·x)
m−1)x ·xλ−2, which provides the general result by induction.
We alternatively write this in terms of a λ−2-deformed derivative defined in a usual way. ⊔⊓
Thus, our q-conformal group and its action do not a priori involve a metric, but when there
is one, it is preserved in some sense. Instead, the structures and formulae which we normally
associate with preservation up to scale of a metric are obtained from the braided adjoint action.
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For example, we see that the standard q-Gaussian gη in the setting of Lemma 5.6, which is a
λ−2-exponential of x · x, is preserved in the sense
ci⊲gη = −q
−1(
1− λ−2
1− q−4
)xi(x · x)gη ,
in addition to its usual properties under the extended q-Poincare´ algebra.
Finally, when a quasi-∗ Hopf algebra acts covariantly on a ∗-algebra then its conjugate quasi-
∗ Hopf algebra acts with a conjugate action[10]. In the case of the extended q-Poincare´ algebra
it was shown that the action of l±, ς on q-spacetime is self-conjugate, while the conjugate action
of the p generators is by braided-differentiation with R−121 replaced by R.
Proposition 5.7 The conjugate action of the q-conformal algebra on q-spacetime is
c2⊲¯x1 =
x1x2 − x2x1R
−1
21
q − q−1
.
Moreover, ci⊲S( ) = S(ci⊲¯( )), where S is the braided antipode or parity operator on q-spacetime.
Proof The abstract treatment for the conjugate action of the special conformal generators
is in the Appendix, from which one may compute the explicit form stated. In our R-matrix
setting, a direct proof is as follows, using the ∗-structures in Section 3 for either the real type I
or type II cases. In the type I case,
ci⊲¯xj= (Scaη
ia⊲xbη
jb)∗ = −(ηiacdςSl
+d
a⊲xbη
jb)∗ = −(ηiacd⊲xeR
−1e
b
d
aη
jb)∗
= ((
−xexd + xfxgR
g
e
f
d
q − q−1
)ηiaR−1eb
d
aη
jb)∗ =
xjxi − xaxbR
−1a
i
b
j
q − q−1
using the usual covariance properties of the quantum metric. In the type II case,
ci⊲¯xj = (Sc¯i⊲xj¯)
∗ = −(caςSl
+a
i¯⊲xj¯)
∗ = −(ca⊲xbR
−1b
j¯
a
i¯)
∗ = ((
−xbxa + xdxcR
c
b
d
a
q − q−1
)R−1bj¯
a
i¯)
∗
which likewise computes to the stated formula.
For the result that the action and conjugate action are intertwined by S, we have on the gen-
erators S(c2⊲¯x1) = (q− q
−1)−1S(x1x2−x2x1R
−1
21 ) = (q− q
−1)−1((−x2)(−x1)R− (−x1)(x2)) =
c2⊲(−x1) using the braided-antimultiplicativity of the braided antipode S(x) = −x. ⊔⊓
The same applies to the action on products of q-spacetime generators: we use R−121 in place of
R in Lemma 5.2. Thus the q-conformal group exhibits the same novel phenomenon demonstrated
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for the extended q-Poincare´ algebra in [10] whereby ∗-conjugation is implemented in braided
geometry by reversal of braid crossings. The equivalence of the action and conjugate action via
the braided-parity operator also applies to all orders of products of q-spacetime generators. This
is the sense within braided geometry in which the operators ci are ‘antihermitian’. This also
holds for the momentum pi generators as the main result in [10].
The present work suggests the possibility of a systematic theory of massless spinning particles
based on invariance under the q-conformal group. This will be attempted elsewhere. Classically,
it requires the construction of fields with conformal weights defined as sections of certain vector
bundles over compactified spacetime. In the q-deformed case one needs therefore nontrivial
quantum homogeneous spaces and their associated bundles, for example along the lines in [18].
A Abstract Results
Most of the formulae for the q-conformal group in the text above have been given at the level of R-
matrices and matrix relations. In principle, one also has to check a large number of non-quadratic
relations, in particular associated with the l± generators (they are not independent). These
are needed to form a (quasitriangular) Hopf algebra in the Lorentz sector. Fortunately, such
details are ensured by the abstract braided group and quantum group constructions underlying
the R-matrix formulae. This is given for the the extended q-Poincare´ algebra in [10] and we
extend this now for the q-conformal case. The basis for the latter is a recent construction [9]
which associates to a braided group B in the category of H-modules (H a quasitriangular Hopf
algebra), a new quasitriangular Hopf algebra built from B,H,B∗, called the double-bosonisation
of B. Here we state without proof the relevant left-module version of the double-bosonisation
formulae (different right-module conventions are used in [9], for the purposes there). Then we
study ∗-structures in this abstract setting, which is the new result of this appendix.
Familiarity with abstract quantum group[11] and braided group[12] techniques is assumed.
In particular, ∆h = h(1)⊗h(2) denotes the coproduct of h ∈ H and ∆b = b(1)⊗ b(2) the braided
coproduct of b ∈ B. Also, R = R(1)⊗R(2) denotes the quasitriangular structure of H, and
v = R(1)SR(2).
Let B be a braided group with invertible braided antipode in the braided category of left
H-modules, dual to another braided group C. So B = C⋆. (In the infinite-dimensional case, we
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suppose a duality pairing ev : B⊗C → k of braided groups.) The double bosonisation of B is
the Hopf algebra U(B) containing B,Cop,H as subalgebras and the cross relations, coproduct
and antipode cf[9]
hb = (h(1)⊲b)h(2), hc = (h(2)⊲c)h(1)
b(1)R
(2)c(1)ev(R
(1)⊲b(2), c(2)) = ev(b(1),R
(2)⊲c(1))c(2)R
(1)b(2)
∆b = b(1)R
(2)⊗R(1)⊲b(2), ∆c = R
(2)⊲c(1)⊗ c(2)R
(1)
Sb = (uR(1)⊲Sb)SR(2), Sc = R−(1)S−1(v−1R−(2)⊲c)
(21)
where ⊲ denotes the action of H whereby B,C live in the braided category of H-modules. The
pairing is assumed covariant, so ev(h⊲b, c) = ev(b, (Sh)⊲c). The unit and counit are the trivial
tensor product ones and H has its usual coproduct and antipode (it is a sub-Hopf algebra).
Similar proofs to those in [9] show that this defines a Hopf algebra. The bosonisation B>⊳·H
appears as a sub-Hopf algebra and a certain ‘conjugate bosonisation’ generated by Cop,H also
appears as a sub-Hopf algebra.
When the pairing is non-degenerate, we have as a formal power series a canonical element
exp = eα⊗ f
α for the pairing, where {eα} is a basis of C and {f
α} a dual basis. Its inverse in
the algebra Cop⊗B is exp−1 = (Seα⊗ f
α) from the pairing axioms. In this case the double-
bosonisation is quasitriangular with
RU(B) = R exp
−1, (22)
where we view R and exp in U(B)⊗U(B).
This describes left-handed version of the formulae in [9]. It underlies the formulae in Sec-
tions 2: we take H generated by l±, ς and B generated by p. We take C generated by c which
are dual to the p in the usual way except scaled so that ev(pi, cj) = (q− q
−1)−1δij. We then use
the same methods as in [2][10] for the calculation of the extended q-Poincare´ algebra as B>⊳·H.
Similarly for the conjugate bosonisation generated by H,Cop. The remaining cross relations are
[pi, cj ] = ev(p
i, ca)〈t
a
jg,R
(2)〉R(1) − R(2)〈Stiag
−1,R(1)〉ev(pa, cj) from (21) and the linear form
of the braided coproducts on B,C. It is convenient to compute the action of R here on C as
evaluation against the coaction of the matrix quantum group dual to H, with generators t, g.
We derive the formula in Proposition 2.1 in this way. The same method gives the spinorial
formulae in Section 4.
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Also given in [9] is a fundamental representation of U(B). In our conventions it appears on
C, making it into a left U(B)-module algebra as follows: first, B acts on C by the braided left
coregular representation studied in [10, Sec. 2]. Together with the given action ⊲ of H on C,
we have[10, Cor. 2.2] a covariant action of B>⊳·H on C (it defines the action of the extended
q-Poincare´ algebra on spacetime). Secondly, C acts on itself by the right braided-adjoint action.
This is given by the diagrams in [3] reflected in a mirror followed by reversal of braid crossings.
We view this as a left action of Cop on itself. Cf[19], these actions fit together to give an action
of U(B) covariantly on C (i.e. respecting its product). Explicitly,
b⊲x = ev(S−1b, x(1)op)x(2)op , c⊲x = (R
(2)⊲Sc(1))(R
(1)⊲x)c(2) (23)
when acting on x ∈ C. Here x(1)op ⊗x(2)op = R
−(1)⊲x(2)⊗R
−(2)⊲x(1) is the opposite braided
coproduct of C. This action underlies the formulae in Section 5. The action of pi ∈ B is by
braided-differentiation as studied in [10]. The action of ci ∈ C is computed as
ci⊲xj = (R
(2)⊲Sci)xa〈R
(1), tajg〉 + xjci = xjci − (ς
−1Sl−aj⊲ci)xa =
xjxi − xaxbR
b
j
a
i
q − q−1
where xi ∈ C are the usual (not scaled) generators dual to p
i (so ci = (q−q
−1)xi), and Sxi = −xi.
This derives the action used in Section 5.
Next we move on to new abstract considerations beyond [9]. We suppose that B,C are
∗-braided groups in the usual sense[16], H is a real-quasitriangular Hopf ∗-algebra and its action
on B is unitary in the Hopf algebraic sense. Thus
(h⊲b)∗ = (Sh)∗⊲b∗, (h⊲c)⋆ = (S(h∗))⊲c⋆. (24)
As explained in [10], the second formula is dictated by the first one and braided group duality.
We use ⋆ to define the ∗-structure on Cop as the same antilinear map.
Proposition A.1 In this setting, the double bosonisation U(B) is a quasi-∗ Hopf algebra with
cocycle R viewed in U(B)⊗U(B). Moreover,
(∗⊗ ∗) ◦∆ ◦ ∗ = exp−1(∆ ) exp
in U(B).
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Proof It is proven in [10] that, in this setting, B>⊳·H becomes a quasi-∗ Hopf algebra with
cocycle R. By a similar calculation, we find that the conjugate bosonisation generated by Cop,H
is also a quasi-* Hopf algebra with the same cocycle R. We verify that these ∗-structures are
compatible with the cross-relations in (21). Applying ∗ to both sides:
(b(1)R
(2)c(1))
∗ev(R(1)⊲b(2), c(2)) = c(1)
∗R(2)∗b(1)
∗ev((R(1)⊲b(2))
∗, c(2)
∗)
= c∗(2)R
(1)b∗(2)ev(S
−1R(2)⊲b∗(1), c
∗
(1)) = c
∗
(2)R
(1)b∗(2)ev(b
∗
(1),R
(2)⊲c∗(1))
= ev(R(1)⊲b∗(2), c
∗
(2))b
∗
(1)R
(2)c∗(1) = ev(b
∗
(2), SR
(1)⊲c∗(2))b
∗
(1)R
(2)c∗(1)
= ev(b(1)
∗, (R(2)⊲c(1))
∗)b(2)
∗R(1)∗c(2)
∗ = ev(b(1),R(2)⊲c(1))(c(2)R
(1)b(2))
∗
using ev(b⊗ c) = ev(b∗, c∗), reality of R in the sense R∗⊗ ∗ = R21, our assumption (24), in-
variance of ev and the cross-relations in (21) applied to b∗, c∗. This checks consistency of the
relations under ∗ and implies that we have a ∗-algebra structure on U(B). Since its two sub-Hopf
algebras mentioned above are quasi-∗ Hopf algebras with cocycle R, it becomes a quasi-∗ Hopf
algebra as well, with the same cocycle.
Since U(B) is also (in the non-degenerately paired case) quasitriangular via (22), we deduce
that (∗⊗ ∗) ◦∆ ◦ ∗ = R−1(τ ◦∆ )R = R−1RU(B)(∆ )R
−1
U(B)R = exp
−1(∆ ) exp, as stated. ⊔⊓
We see from this proposition that the plane wave exp controls the extent that the double
bosonisation fails to be a Hopf ∗-algebra in the usual sense. This, in turn, expresses the sense in
which the tensor product of unitaries fails to be unitary: they are unitary only up to a cocycle
isomorphism expressed by the action of exp.
From the theory of quasi-∗ Hopf algebras in [10, Lemma 4.7] it is known that if a quasi-∗
Hopf algebra H acts covariantly on a ∗-algebra C by ⊲, then the conjugate quasi-∗ Hopf algebra
(with coproduct ∆¯ = (∗⊗ ∗) ◦∆ ◦ ∗) acts covariantly on C by a conjugate action ⊲¯ defined by
h⊲¯x = (S(h∗)⊲x∗)∗ (25)
for all h ∈ H and x ∈ C.
Theorem A.2 The conjugate of the action of U(B) as a quasi-∗ Hopf algebra acting on C is
h⊲¯x = h⊲x and b⊲¯x = ev(b, x(1))x(2) as in [10], and
c⊲¯x = (R−(1)⊲S−1c(1)op)(R
−(2)⊲x)c(2)op .
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Moreover, ( )⊲Sx = S(( )⊲¯x), i.e. the action and conjugate action of U(B) are intertwined by
the braided antipode of C.
Proof The conjugate actions of h ∈ H and b ∈ B are covered in the conjunction of [10,
Cor. 2.4] and [10, Prop. 4.8]. To this we add now the conjugate of the action of c ∈ C. We
compute:
c⊲¯x= (S(c∗)⊲x∗)∗ =
(
R−(1)⊲((v−1R−(2)⊲S−1c∗)⊲x∗)
)∗
= S(R−(1)∗)⊲
(
(v−1R−(2)⊲S−1c∗)⊲x∗
)∗
= S(R−(1)∗)⊲
(
(R(2)⊲S(v−1R−(2)⊲S−1c∗)(1))(R
(1)⊲x∗)(v−1R−(2)⊲S−1c∗)(2)
)∗
= S(R−(1)∗)⊲
(
(v−1R−(2)⊲S−1c∗)∗(1)(S(R
(1)∗)⊲x)(S(R(2)∗)⊲S(v−1R−(2)⊲S−1c∗)∗(2))
)
= R−(2)⊲
(
(u−1R−(1)⊲S−1c)(1)(R
(2)⊲x)(R(1)⊲S(u−1R−(1)⊲S−1c)(2))
)
= R2
−(2)R1
−(2)⊲
(
(u−1R1
(2)R2
(1)R1
−(1)R−(1)⊲S−1c(2))(R
(2)⊲x)(R(1)u−1R1
(1)R2
(2)R2
−(1)R−(2)⊲c(1))
)
where we use the antipode of U(B) from (21) and repeatedly use (24). For the fifth equality we
use the axiom c(1)
∗⊗ c(2)
∗ = c∗(2)⊗ c
∗
(1) for ∗-braided groups. We then use the reality property of
R, which also implies that v−1∗ = v−1. Here Sv−1 = u−1 = R(2)S2R(1). For the last equality we
use covariance of ∆ under the action of H (along with standard facts about quasitriangular Hopf
algebras to compute ∆u−1 and (∆⊗ id)R−1), and the braided anticomultiplicativity ∆S−1c =
R−(1)⊲S−1c(2)⊗R
−(2)⊲S−1c(1) from [12]. Numerical suffices on R,R
−1 are used to distinguish
the various copies. The remaining steps are a tedious but straightforward computation: we use
the QYBE for R to cancel some of the R factors. Then we compute the action of R1
−(2)R2
−(2)
on products using covariance, converting coproducts on R−1 into more copies of R−1. Using
u( )u−1 = S2 and R−(2)u−1R−(1) = 1, we can then cancel most of the R,R−1 factors to obtain
the result stated. Here c(1)op ⊗ c(2)op denotes the braided opposite coproduct of C as usual.
Next, we show that the action and conjugate action are intertwined by the braided antipode
S of the copy of C in which we are acting. For the action of h ∈ H this is covariance of the
braided antipode. For b ∈ B this is [10, Cor. 2.4]. To this we now add:
S(c⊲¯x)= (R(2)⊲Sc(2)op)
(
R(1)⊲S((R−(1)⊲S−1c(1)op)(R
−(2)⊲x))
)
= (R1
(2)R2
(2)⊲Sc(2)op)(R1
(1)⊲Sx)(R2
(1)⊲c(1)op) = (R
(2)⊲Sc(1))(R
(1)⊲Sx)c(2) = c⊲Sx
using braided-antimultiplicativity of S twice. This part of the proof can also be done diagram-
matically. ⊔⊓
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This therefore extends the abstract unitarity and quasi-∗ considerations for bosonisations and
the extended q-Poincare´ algebra in [10] to double-bosonisations and the q-conformal algebra. It
is used in Sections 3 and 5.
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